At the micro-and nanoscale, the standard continuity boundary conditions at fluid-solid interfaces of classical transport phenomena do not apply and must be replaced by boundary conditions that allow discontinuities. In this study, the classical thermal laminar boundary layer equations are studied using Lie symmetries with the no-slip boundary condition for tangential velocity and continuous temperature boundary conditions replaced by non-linear slip-creep-jump boundary conditions. These boundary conditions contain an arbitrary index parameter, denoted by n > 0, which appears in the coefficients of the coupled ordinary differential equations to be solved. As an independent check on the numerical procedure, the case of a boundary layer formed in a convergent channel with a sink, which corresponds to n = 1/2, is solved analytically for various values of the Prandtl number and zero Brinkham number. Other values of n for n > 1/2 which correspond to the thermal boundary layer formed in the flow past a wedge are solved numerically for various values of the Prandtl and Brinkham number and constant coefficients appearing in the non-linear slip-creep-jump boundary conditions. It is found that for 1/2 < n < 2, solutions may be found for all values of the constant coefficients, while for n 2 the constant coefficient for the creep term must be set to zero.
Introduction
Over a 100 years ago, Prandtl (1904) observed that for fluid flow near solid boundaries, viscous forces are of the same order of magnitude as inertial forces. This region of importance is usually confined to a thin layer adjacent to a solid boundary, which Prandtl referred to as the boundary layer. Using scaling arguments, Prandtl obtained a set of equations for mass and momentum conservation valid within the boundary layer, which were simpler than the full mass and momentum conservation equations describing general fluid flows. The applicability of these so-called boundary layer equations was demonstrated by Blasius (1908) for the flow past a flat plate at zero incidence, which showed excellent agreement with experimental data.
The problem of heat transfer between solids and fluids are studied using energy conservation, which must be solved in conjunction with the mass and momentum conservation equations. Since the heat flow field interacts with the fluid flow field, the mass, momentum and energy conservation equations are generally coupled partial differential equations, the solution of which is usually a formidable task. However, it is reasonable to expect that the heat and fluid flow fields will have the same character so that the temperature of the fluid stream also changes within a thin layer near the solid boundary. Hence, (i) the fluid is a continuum, which is always satisfied since there are more than 1 million molecules in the smallest volume in which appreciable macroscopic changes take place; (ii) the flow is near thermodynamic equilibrium, which is satisfied if there is a sufficient number of molecular encounters during a time period small compared to the smallest time-scale for flow changes. During this time period, a molecule would have moved a distance small compared to the smallest flow length scale.
However, continuity across fluid-solid interfaces is only valid if condition (ii) given above is satisfied; i.e. the fluid flowing adjacent to a solid surface is in thermodynamic equilibrium. For this to be true, an infinitely high frequency of collisions between the fluid and the solid surface is required. For fluid flow in small-scale systems, however, the collision frequency is not high enough to ensure thermodynamic equilibrium. To allow for this, the continuity assumption at fluid-solid interfaces must be altered to reflect the unique properties of fluid flow at the micro-and nanoscale. All theoretical investigations of the thermal boundary layer equations have applied continuity of tangential velocity and temperature boundary conditions, which are fundamental notions in the study of transport phenomena (Bird et al., 1960) . However, as engineering applications have reached the microand nanoscale and the improvement of experimental techniques to probe the physics of the fluid-solid interaction at the molecular scale, the applicability of these fundamental boundary conditions have been questioned. It is now apparent that these continuity boundary conditions must be altered to reflect the presence of tangential velocity slip and temperature jumps (see Gad-el-Hak, 1999) .
For the tangential velocity, Navier (1823) introduced the linear boundary condition, later proposed by Maxwell (1879) , which remains the standard characterization of slip used today; namely, the component of the fluid velocity tangential to the surface is assumed proportional to the tangential stress and the constant of proportionality is called the slip length (Matthews & Hill, 2006a) . For the boundary layer equations along the solid boundary y = 0, the Navier boundary condition takes the form
where > 0 is the constant slip length. For the temperature, the jump boundary condition developed by von Smoluchowski (1898) is generally applied at the micro-and nanoscale, and may be written
where k 1 is a constant related to the Knudsen number, which for gases equals the mean free path divided by a characteristic length. For a coupled fluid and thermal flow problem, von Smoluchowski (1898) extended Maxwell's arguments for the tangential velocity and obtained
where the second term of the tangential velocity boundary condition is the thermal creep which generates a slip velocity along non-isothermal solid boundaries, and k 2 is another constant related to the Knudsen number. These boundary conditions are sometimes referred to as the (first-order) MaxwellSmoluchowski boundary conditions (Beskok & Karniadakis, 1999; Baysal et al., 2004) , which in a way corrects the discrepancy that (1.1) is generally referred to as the Navier boundary condition (Matthews & Hill, 2006b ). However, in this article and following the usage by Marques et al. (2000) , (1.3) will be referred to as the slip-creep-jump boundary conditions. The slip boundary condition for the tangential velocity has been extended to include the effects of multiple phases by Shikhmurzaev (1993) and Qian et al. (2003) , and a generalized slip boundary condition has been proposed by Thompson & Troian (1997) which is based on the results of molecular dynamical simulations of Couette flow, and indicates that the slip length is a non-linear function of the shear rate, given by
where α and β are constants, and β has a value such that the inverse square root does not become negative. Also, the experimental studies of Choi et al. (2002 Choi et al. ( , 2003 for the flow of water in hydrophilic and hydrophobic microchannels have indicated the possibility of a generic power-law dependence of the slip length on the shear rate via
where γ and δ are constants, with δ ∼ 0.5 as based on the experiments conducted by Choi et al. (2002) . The power-law dependence of (1.5) gives rise to a slip boundary condition of the form 6) where > 0 is the constant slip length and n > 0 is a certain power parameter. Indeed, the molecular dynamics data of Thompson & Troian (1997) can be reasonably accommodated by a power-law condition of the form of (1.6), especially over limited ranges of the data. The present authors investigate the effect of a non-linear slip boundary condition on the boundary layer equations (Matthews & Hill, 2007) , and assume a non-linear slip boundary condition of the form (1.6). In that paper, Lie symmetries are used such that the governing partial differential equations are reduced to ordinary differential equations with non-linear boundary conditions, which are solved analytically (where possible) and numerically using standard boundary-value problem routines.
Although experimental and molecular dynamics simulations studying the accurate boundary conditions required for coupled flow and thermal problems are lacking at present, we propose here to generalize the slip boundary conditions obtained by Thompson & Troian (1997) and Choi et al. (2002 Choi et al. ( , 2003 to the slip-creep-jump boundary conditions of the form
where n 1 and n 2 denote two further power parameters, noting again that any molecular dynamics or experimental data might be successfully modelled by appropriate choices of the five constants , k 1 , k 2 , n 1 and n 2 , and over limited ranges we might expect reasonable agreement with the given data. Typically, power-law curves can be exploited in this way to provide a simple analytical dependence over a restricted range.
The above boundary conditions (1.7) and the boundary conditions of Thompson & Troian (1997) and Choi et al. (2002 Choi et al. ( , 2003 are obviously all non-linear, and future mathematical investigations for smallscale flows with these types of boundary conditions will require numerical solutions of the complicated partial differential equations of fluid mechanics coupled with non-linear boundary conditions. Such solutions will involve computational techniques which will require validation and our purpose here for specific values of n 1 and n 2 related to n is to provide similarity reductions which enable the underlying partial differential equations to be reduced to ordinary differential equations, which may then be solved analytically (where possible) and numerically using standard boundary-value problem routines.
In Section 2, the laminar thermal boundary layer equations are described. In the section thereafter, the classical similarity reductions for the thermal boundary layer equations are derived. Subsequently, an analytical solution is obtained for the case n = 1/2 and numerical solutions are obtained for arbitrary values of n. Finally, we present a discussion of the results and we give some concluding remarks.
Thermal boundary layer equations
With the assumption that viscosity is negligible in the bulk flow but important near a solid boundary, the steady 2D thermal boundary layer equations suitably non-dimensionalized are given by (Slattery, 1999) 
where x is measured parallel to and y is measured perpendicular to a solid boundary located along y = 0,ṽ x is an assumed given external inviscid velocity field such that v x →ṽ x as y → ∞, N Pr > 0 is the Prandtl number and N Br is the Brinkham number which can take both positive and negative values. For simplicity, only boundary layers without backflow or separation are considered and we refer the reader to Schlichting (1979) for a detailed discussion of these phenomena. The above partial differential equations are solved with suitable boundary conditions imposed at y = 0 and matching with the inviscid solution as y → ∞. The specific boundary conditions imposed in this study are
x m 2 and α, α 1 , n, m 1 and m 2 are arbitrary non-zero constants with n, n 1 , n 2 > 0, n = 2/3, 1, 2, and the reasons for these restrictions will become apparent later. The constant * > 0 is the slip length which has been scaled with N n/2 Re , where N Re is the Reynolds number. The constants k * 1 > 0 andk * 2 > 0 are related to the Knudsen number N Kn , and k * 1 has been scaled with N n 1 /2
Re . The sign of the constant α determines whether the solid boundary is at a higher or lower temperature than that of the inviscid outer flow. The boundary condition for v x at y = 0 is the slip-creep boundary condition, while the boundary condition for T is the jump boundary condition.
By introducing a stream function defined by
3) the differential mass conservation equation is automatically satisfied, while the differential momentum and energy conservation equations become
where θ = T − T ∞ . In terms of the stream function and θ , the boundary conditions become
Alternatively, the boundary condition at y → ∞ may be complemented by
sinceṽ x is a function of x only.
Classical symmetry reductions
The Lie-group method of infinitesimal transformations may be used to find the symmetries of the boundary layer equations, and the general method is explained elsewhere (see Hill, 1992) . The inviscid velocity terms in the first partial differential equation may be eliminated by taking the y derivative of both sides so that
Using the MAPLE package DESOLV (Carminati & Vu, 2000) , it is found that the two partial differential equations to be solved have the following Lie symmetry infinitesimals:
where C i (i = 1, 2, 3, 4, 5) are arbitrary constants and f (x) is a sufficiently differentiable arbitrary function. Without loss of generality, we may set C 4 = 1 and assume C 1 = ±1, then the group-invariant solutions of the boundary layer equations are of the form
where
Since the stream function is determined up to an arbitrary additive constant, we may set C 3 = 0. To ensure that θ = 0 as ρ * → ∞, we set C 5 = 0. Also, to ensure that y = 0 corresponds to ρ * = 0, we set f (x) ≡ 0. Substituting into the thermal boundary layer equations yields two coupled ordinary differential equations for F * (ρ * ) and G * (ρ * ):
The slip-creep boundary condition at y = 0 implies C 1 = (2n − 1)/(n − 1) and n 2 = n/(2 − n), from which the conditions n = 1, 2 are required. The special case n = 1 is studied in detail in Section 6. Note that if k * 2 = 0, then the condition n = 2 may be lifted, and since we require n 2 > 0, for n 2 we must set k * 2 = 0. The jump boundary condition at y = 0 implies n 1 = 2n/(n + 1), m 2 = 2n/(3n − 2) and C 2 = 0, from which the condition n = 2/3 is required. This condition also follows form the definition of C 1 since it has been assumed that C 1 = −1. Also, sinceṽ x = α 1 x m 1 , the last term of the first ordinary differential equation for F * (ρ * ) is x-absent provided m 1 = n/(3n − 2), from which the condition n = 2/3 is again required. Note that the condition C 1 = 1 is automatic since it implies n = 0, and it has been assumed that n > 0. Finally, the coupled ordinary differential equations to be solved are
which may alternatively be written as
and these must be solved subject to the boundary conditions
where k * 2 = |(2n/3n − 2)|k * 2 . The condition F * = 0 at ρ * = 0 applies for C 1 = 0 ⇒ n = 1/2. For n = 1/2, the condition F * = 0 is absent and must be replaced by
We also have
We note that the parameter α 1 may be removed from the ordinary differential equations and boundary conditions by suitable transformations depending on the sign of α 1 . Generally, α 1 > 0 is the main interest as it describes flows away from the origin of x, while for α 1 < 0 the external stream flows towards the origin of x. One example of the latter is the flow in a convergent channel with a sink, and it is one of the rare cases where a simple analytical solution may be found. This corresponds to the case m = −1 or n = 1/2 which we examine in Section 4.
Analytical solution for n = 1/2, N Br = 0
In order to have an independent check on the numerical solution presented in Section 5, we examine the special case n = 1/2 for which Matthews & Hill (2007) presented an exact analytical solution for the isothermal boundary layer problem. In this case, we have α 1 < 0 and
which must be solved subject to
Here, we have
and therefore, we only need to solve for dF * /dρ * in this case. Substituting the following transformations:
(4.6) Also,
From Matthews & Hill (2007) , we have
where here C 1 > 0 is an integration constant to be found from the slip-creep boundary condition. From (4.5) and (4.8), we may deduce 9) and on making the following transformations: (4.10) where 0 z < 1 for 0 ρ < ∞ and C 1 > 0, and in particular z → 0 as ρ → ∞, and using the result tanh
This is the hypergeometric differential equation (Abramowitz & Stegun, 1964) , which has general solution
where 2 F 1 (a, b; c; z) is the usual Gauss hypergeometric function and C 2 and C 3 denote arbitrary constants. Since
, N Pr > 0, z → 0 as ρ → ∞ and 2 F 1 (a, b; c; 0) = 1, the boundary condition at infinity is automatically satisfied if C 3 = 0, hence
(4.14)
We may now proceed to formally determine the integration constants C 1 and C 2 from the two boundary conditions at ρ = 0 (4.6). However, the details are not straightforward and since our primary purpose is to have an independent check on the numerical results presented in Section 5, we simply consider two special cases for which the hypergeometric function may be expressed in terms of elementary functions.
Solution for N
For N Pr = 1, we have a = c, and using the property 2 F 1 (a, b; a; z)
The integration constants C 1 and C 2 in (4.8) and (4.15) are found from the slip-creep-jump boundary conditions at ρ = 0 for specific values of , k 1 , k 2 and α. Since |G(0)| appears in the slip-creep boundary condition for |dF/dρ|, we set α = −1 so that |G(0)| < 1 and |v x (0)| < 1 as required physically. Hence, These profiles are illustrated in Fig. 1 for = k 1 = k 2 equal to 0, 0.5 and 1. The corresponding values of the integration constants C 1 and C 2 are also shown.
Solution for N Pr = 1/16
For N Pr = 1/16, we have b = 0, and using the property 2 F 1 (a, 0; c; z) = 1, we have g(z) = C 2 z 1/4 ; hence
As before, the integration constants C 1 and C 2 in (4.8) and (4.17) are found from the slip-creep-jump boundary conditions at ρ = 0 for specific values of , k 1 , k 2 and α, and we set α = −1, to deduce that
These profiles are illustrated in Fig. 2 for = k 1 = k 2 equal to 0, 0.5 and 1. The corresponding values of the integration constants C 1 and C 2 are also shown.
Numerical solutions for α α α 1>0
For α 1 > 0, substituting the following transformations: 
As demonstrated by Falkner & Skan (1930) , the family of inviscid flows withṽ x ∼ x m 1 corresponds to flow past a wedge with angle πγ , where γ = 2m 1 /(m 1 + 1), and as such the analysis applies to the thermal boundary layer formed near the wedge. This same analogy may be applied in this analysis since in the inviscid limit the non-linear Navier boundary condition is dropped. Since in this analysis m 1 = n/(3n − 2), we have γ = n/(2n − 1). Now, since we are concerned only with boundary layers without backflow or separation (Schlichting, 1979) , we require γ > 0 which implies that n > 1/2. Also, recall that for n 2, we must set k 2 = 0. Equation (5.2) with the boundary conditions given by (5.3) are solved numerically using MAPLE. The numerical method used is an extension of that given in the Appendix of Matthews & Hill (2007) . The numerical solution scheme is first compared to the analytical solutions obtained above, showing complete agreement. Initially, the case n = 3/2 is solved numerically for α = −1 and various values of , k 1 , k 2 , N Pr and N Br . These profiles are illustrated in Figs 3-6. Secondly, we set k 2 = 0 and solve 
The case n = 1
When n = 1, the group-invariant solutions obtained above are not valid. Returning to the Lie symmetry infinitesimals we set C 4 = 0 = C 2 = C 3 = C 5 = f (x) so that the group-invariant solutions of the boundary layer equations are of the form
Substituting into the thermal boundary layer equations yields two coupled ordinary differential equations for F(y) and G(y), namely,
which may alternatively be written as (6.4) and these must be solved subject to the boundary conditions
where k 2 = 2k * 2 . We also have The family of inviscid flows withṽ x ∼ x corresponds to flow past a wedge with angle π (i.e. stagnation point flow) and surface temperature T 0 ∼ x 2 . Equation (6.3) with the boundary conditions given by (6.5) are solved numerically. These profiles are illustrated in Figs 9-12.
Discussion and conclusions
In this study, the classical thermal laminar boundary layer equations are solved with the non-linear slip-creep-jump boundary conditions (1.7), which contains the arbitrary power index n. Solutions are obtained via classical Lie point symmetry reductions. Analytical solutions are obtained for the case n = 1/2 and N Br = 0, while numerical solutions are obtained for n > 1/2.
For n = 1/2 and zero Brinkham number (i.e. N Br = 0), it is shown that an analytical solution for the temperature may be found from the analytical solution for the flow field obtained from FIG. 12. Velocity and temperature profiles corresponding to (6.3), (6.5) and (6.6) for various values of , k 1 and k 2 with N Pr = 1, N Br = 1 and α = −1. The temperature profiles for = 0.5, k 1 = 0, k 2 = 0 and = 0, k 1 = 0, k 2 = 0.5 are indistinguishable at the scale of the plot. Matthews & Hill (2007) . The temperature equation is shown to reduce to the hypergeometric differential equation (4.11) which for general values of the Prandtl number N Pr has solution given by (4.14), and two special cases corresponding to N Pr = 1 and N Pr = 1/16 which have simple analytical solutions are examined. Results for these analytical solutions are in complete accord with the numerical solutions and demonstrate that as , k 1 and k 2 increase, the rate of change of the tangential velocity and temperature through the boundary layer decreases, since the velocity at the solid surface is no longer zero and slips with a velocity which increases as and k 2 increases, and the temperature is no longer equal to that of the solid boundary and decreases as k 1 increases.
For n > 1/2, only numerical solutions are possible, and the coupled ordinary differential equations and boundary conditions are solved for various values of N Pr , N Br , , k 1 and k 2 . In order that numerical solutions exist, it appears that for a physically meaningful solution for 1/2 < n < 2, we must have α = −1, which implies T 0 < T ∞ , while for n 2 we must set k 2 = 0 and then we may have α = ±1.
The case n = 1/2 is explored in detail with non-zero k 2 , while with k 2 = 0 the cases n = 2, 5 and 10 are examined. It is found that for fixed N Pr , N Br and n and varying , k 1 and k 2 , the same characteristics as that for the analytical solution are obtained. For fixed N Br , n, , k 1 and k 2 and varying N Pr , there is little effect on the velocity, while the temperature is reduced as N Pr is increased. For fixed N Pr , n, , k 1 and k 2 and varying N Br , the same behaviour is predicted. For fixed N Pr , N Br , n and varying and non-equal , k 1 and k 2 , it is found that for non-zero k 2 , the creep term acts like the slip term, while if k 1 = 0 both the slip and creep terms have little effect on the temperature response. Finally, for N Pr , N Br and , k 1 and k 2 = 0 and varying n, the velocity components are reduced in magnitude and the temperature is increased as n increases for α = −1. However, for α = 1, the temperature curves are initially higher for decreasing n, then higher for increasing n, and are not similar.
For the special case n = 2/3, which has not been discussed here, the group-invariant solutions obtained here do not apply and similar to Matthews & Hill (2007) , this case corresponds to an inviscid flow withṽ x ∼ e m 1 x and a surface temperature T 0 ∼ e m 2 x , which are the appropriate limiting cases of v x ∼ x m 1 and T 0 ∼ x m 2 . However, due to limitations of space, we refrain from discussing this special case here.
As in Matthews & Hill (2007) , the present analysis appears to demonstrate that there is no similarity solution for the flow past a flat plate (i.e. m = 0 ⇒ n = 0). This could possibly be an indication that the scaling arguments used to obtain the thermal boundary layer equations may be altered for a thermal boundary layer involving tangential fluid slip and jumps in temperature at solid interfaces.
